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GNSS functional and statistic models 
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We aim to estimate the covariance matrices 
 from time to time   

φPΣ ,Σ



Geometry-free/Ionosphere-free (GFIF) -
functional models 
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�  Four linearly independent and the effects of code and phase noises are 
separable (Estey & Meertens, 1999,  for GFIF1 to GFIF3 ) 

2 2
1 1 2 1 1 1 2 2 1

2 2 2 2

2 2
(

1 1 1 1

1 1+ - ) mpP b N N− + = +
− − − −

+ +% % %β β
φ φ λ λ ε

β β β β

2 2 2 2
2 1 2 2 1 1 2 2 2

2 2 2 2

2 1 2 1
(

1 1 1 1
+ - ) mpP b N N− + = +

− − − −

+ +% % %β β β β
φ φ λ λ ε

β β β β

3 3 3 3
5 1 5 5 1 1 5 5 5

3 3 3 3

2 1 2 1
(

1 1 1 1
+ - ) mpP b N N− + = +

− − − −

+ +% % %β β β β
φ φ λ λ ε

β β β β

2 2 5 5 2 2 2 5 5 51 1 2 2 1 1 1 2 2 2
1 1 1

1 2 2 5 1 2 2 5

- -- -
(1 - ) - - - (1 - )

- - - -
mpWL

f f f N f Nf f f N f N
N

f f f f f f f f
α α φ α α ελ

φ φ λ λφ φ λ λ
+ +=

% %% %
%

,
s

i i r ib b b≡ −%
,≡ − +% s

i i i r iN N B B

GFIF1: 

GFIF2: 

GFIF3: 

GFIFWL: 

where, 

Lumped signal 
 bias (LSB) 

2 2 2
1 2 5 1 1

2 32 2 2
1 1 5 2 5

, ,α β β
+

= = =
−

f f f f f
f f f f f



GFIF stochastic models 
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  GFIF Coefficients of linear GFIF equations 1,2,5, WL Contribution of 
pseudorange and 
phase noise terms 
(unit: cm). 

 
30cm 

 
2 mm 

GPS 
signals 
  

GFIF1 1 0 0 -4.0915 3.0915 0 30 1.03 

GFIF2 0 1 0 -5.0915 -4.0915   30 1.16 

GFIF3 0 0 1 -3.5212   2.5212 30 0.87 

GFIFWL 0 0 0 27.293 -147.961 120.668 0 38.57 
Beidou 
signals 

GFIF1 1 0 0 -4.8874 3.88740 0 30 1.25 

GFIF2 0 1 0 -4.9743 0 3.9743 30 1.27 

GFIF3 0 0 1 -5.8874 4.8874 0 30 1.53 

GFIFWL 0 0 0 37.3188 -158.8910 121.5722 0 40.70 

1P 2P 5P 1φ 2φ 5φ
=Pσ =φσ
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Contribution of code and phase noise 
terms 



Multivariate Multiple Regression 
(MMR) 
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�  Seemingly Unrelated Regression (SUR) models ( Zellner,1962): 
①  Use p-degree polynomial function to describe  a GFIF time series: 

②  Group all the GFIF time series over n epochs together: 
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MMR-Least square solution 

7 

③  Write compactly: 
               
③  Least square estimation ( Zellner,1962): 

④  Residual vector of each GFIF time series ( Zellner,1962): 

⑤  The variance matrix ∑ is estimated by (4-by-4) 

⑥  Or  the variance matrix over a sliding /piece-wise data window: 
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MMR-Variance Component Estimation 
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⑦  Estimation of components of         and 
Ø The apiori variance matrix: 

Ø Variance Component Estimation  for 
                                 
     VCE results (eg. MINQUE, LS-VCE) 
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PΣ φΣ

0
p :Σ  the upper-left 3-by-3 submatrix of    
0 :φΣ 0 0 4

p 10−φ = ×Σ Σ

0
P 1 p
ˆˆ = θΣ Σ

0
2
ˆˆ

φ φ= θΣ Σ

Estimation of overall variance scale parameters 

Epoch-by-epoch  
updating 

ˆ
1n p

=
− −

Tv vΣ

0
P 1 p

ˆˆ ( j) ( j) ( j)= θΣ Σ

0
2
ˆˆ ( j) ( j) ( j)φ φ= θΣ Σ

,  

21,θθ

n
TT

pY BBBB IΣΣΣ ⊗+= )( 2
0

221
0

11 φθθ

For j=m,m+1,…,n 



GFIF vs. LSB fitting (GMSD, JFNG) 
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GFIF vs. LSB fitting (GMSD, JFNG) 
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GFIF LSB fitting results: 
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�  The lumped signal biases in all the GFIF time series are 
slowly time varying and are well-fitted by a p-degree 
polynomial (here p=3) over hours. 

�  All the GFIF1~3 plots show a small range of variation within 
one meter. The GFIFWL bias curves for G01 show the 
variation of up to a few meters.  

�  The impact of fitting period and degrees of polynomials on 
the covariance analysis should be small, but is yet to be 
further investigated 



GFIF residuals vs. ±2σ curves 
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The slowly varying ±2	
  σ curves bound the peak-to-peak 
amplitude of each error time series tightly (within 95%), 
showing a good agreement between the estimated σ  
values and the actual GFIF errors. 
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The residuals of four GFIF models for the GMSD-G01 direction, 
against their ±2	
  σ curves (23 November 2013) over a moving data 
window of 15 min. 



Variances (σ2) of codes and phases 
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�  Station GMSD 
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Variances σ2 of codes and phases  
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Ø  Match the trend of the elevation-dependence in general 

Ø  Reflect the spontaneous amplitude changes of the errors 

Ø  Noise levels are different and are not just related to elevation only. 

Ø   phase σ : 1 to 4 mm, code σ : 15 to 30 cm, sometimes, 60cm 



Cross-correlation (codes) 
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Ø B2 and B3 (L2 and L5) shows higher cross-correlation. 
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Ratio of phase σ to code σ values 
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�  Assumed value: 1/100 
�  Estimated value: 1/500 ~ 1/50 
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Receiver covariance matrix exchange 
- A rinex-like format 

18 
Units: square decimetre (1-6)      &     square millimetre (7-12) 



Single point positioning RMS results(m)-BDS 
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BDS SPP at 4 
MGEX stations 

SEYG, MAYG,  

JFNG,GMSD 

Unit: metre Station: SEYG Station: JFNG Station: GMSD Station: MAYG 

U N E U N E U N E U N E 
Elevation-based 
Variance  

8.20 4.23 8.19 6.87 1.47 1.01 4.91 2.06 1.16 4.51 2.59 4.31 
Estimated variance 4.05 2.53 4.24 6.49    1.23 0.78 4.43 1.97 1.23 3.85 2.40 3.61 

Improvement % 50.1 40.3 48.2 5.5 15.8 23.1 9.7 4.3 -5.9 16.6 7.4 16.2 

2 ionosphere-free codes, precise orbits and clocks 



Single point positioning RMS results(m)-GPS 
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�  RMS statistics from 95 MGEX stations (DOY 182 2014) 

  U N E 3D 

Scheme W: elevation  2.03 0.91 0.80 2.36 

Scheme A: covariance 1.81 0.81 0.70 2.10 

W-A 0.22 0.10 0.10 0.26 

11% 

(1 ionosphere-free code, IGS precise orbits and clocks ) 



Conclusion 
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�  The time variation of GNSS code covariance matrices in each line-
of-sight can be monitored using GFIF combinations through the 
proposed approach. 

�  The ratio of phase to code noise σ values varies from time to time, 
thus the variation of phase covariance matrices can also be obtained 

�  The derived σ reflects the varying observational environment better 
than the elevation-based model. 

�  SPP results derived with the estimated covariance matrices show 
the evident improvement as compared with the SPP results from an 
empirical model, based on extensive data analysis from 99 stations 



Thank you! 
Questions? 
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